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In this article we study the Friedel phase of the electron transport in two different systems of
quantum dots which exhibit bound states in the continuum (BIC). The Friedel phase jumps abruptly
in the energies of the BICs, which is associated to the vanishing width of these states, as shown by
Friedrich and Wintgen in Phys. Rev. A 31, 3964 (1985). This odd behavior of the Friedel phase has
consequences in the charge through the Friedel sum rule. Namely, if the energy of the BIC drops
under the Fermi energy the charge changes abruptly in a unity. We show that this behavior closely
relates with discontinuities in the conductance predicted for interacting quantum dot systems.
PACS numbers: 73.21.La; 73.63.Kv; 85.35.Be
In a early work, von Neumann and Wigner [1] showed
that for certain local potentials, the Schro¨dinger equa-
tion has exact solutions with energy eigenvalues above
the continuum threshold. These potentials can be con-
structed in one dimension by a method suggested in the
same article. Much later, several theoretical and experi-
mental works show the existence of these “bound states
in the continuum” (BICs) in different contexts. In Ref.
[2] it is shown that these states can occur in a system
of coupled square well potentials for appropriate values
of the well depths and coupling strengths. Stillinger
and Herrick corrected and extended von Neumann work
to consider systems in two dimensions [3], constructing
some potentials leading to BICs. Friedrich and Wint-
gen demonstrated that BICs occur in natural way, not
only for specific potentials, when two resonances associ-
ated with different channels interfere [4]. In transport
through mesoscopic and nanoscopic systems, there are
theoretical works showing the formation of these states
in a four-terminal junction [5], in a ballistic channel with
intersections [6], and more recently, bound states in the
continuum have been theoretically discussed for systems
of quantum dots [7, 8, 9, 10]. The existence of BICs in
open quantum billiards with variable shape is discussed
in Ref. [11], and in a single-level Fano-Anderson model
with a colored interaction with the continuum in Ref.
[12]. An experimental evidence of BICs was reported
by Capasso et al. [13] in semiconductor heterostructures
grown by molecular beam epitaxy.
The density of states (DOS) is of great relevance to
understand transport phenomena. The DOS is related to
the scattering matrix S via the Friedel sum rule (FSR),
which can be stated as
dθF
dε
= piρ(ε) (1)
where the Friedel phase θF is defined as
θF =
2∑
l=1
ξl =
1
2i
log (detS), (2)
where the phase shifts ξl are obtained from the eigenval-
ues of the scattering matrix S, λl = e
2iξl [14, 15]. The
FSR has been central in the understanding of the behav-
ior of impurities in metals [16], but recently has received
considerable attention in the context of low dimensional
systems [15, 17, 18, 19, 20, 21]. Relations between the
Friedel phase and properties such as resistance [22], per-
sistent current [23], and capacitance [24] have been stud-
ied.
As emphasized by Lee [17] and Taniguchi and Bu¨ttiker
[15], it is not correct to identify the Friedel phase (2) with
the phase of the amplitude of transmission. Ref. [15]
studies the connection between the Friedel phase and
the transmission phase in scattering systems in meso-
scopic physics. It is shows that the transmission phase
can change abruptly in pi while the Friedel phase remains
continuous as a function of the energy. The transmis-
sion phase discontinuity is characteristic of single electron
transport and accompanies the vanishing of the transmis-
sion amplitude [25, 26].
The aim of this work is to bring into discussion the
behavior of the Friedel phase in the presence of BICs
in the context of electronic transport through quantum
dots. By BIC we mean a resonance that, as consequence
of quantum interference, becomes infinitely narrow [4].
Since these states are characterized by delta-shaped den-
sities of states, the Friedel phase, according to Eq. (2), is
discontinuous as a function of the energy. We present re-
sults of two particular systems: a parallel-coupled double
quantum dot molecule [7] and two quantum dots side-
attached to a quantum wire, and we discuss the conse-
quences that such a discontinuity has on the conductance
in presence of electron-electron interactions. We connect
our discussion with results predicted in multilevel quan-
tum dots in Kondo regime [28].
The studied systems are shown schematically in Fig.
1. In both cases we consider single-level quantum dots,
and we assume equilibrium and zero temperature. The
systems are modeled by Anderson Hamiltonians. In a
first stage we neglect the electron-electron interaction.
2FIG. 1: a) Double quantum dot molecule coupled to leads.
b) Two quantum dots side-coupled to a quantum wire.
For the double quantum dot molecule of Fig. 1(a) we
examine the transition from a configuration in series to
a symmetrical parallel geometry, as done in Ref. [7].
The parameter t is the coupling between dots, ε1 and ε2
the energies of the quantum dots, and V αj the coupling
between the dot j-th and the lead α = L,R. We put
V L1 = V
R
2 ≡ V0 and V L2 = V R1 ≡ ηV0 (0 ≤ η ≤ 1), so
that η = 0 for the molecule connected in series, and η = 1
for the symmetric parallel configuration. For η 6= 0, 1, the
conductance displays Fano and Breit-Wigner resonances
associated to the molecular states, and as η goes from 0
to 1 there is a progressive reduction of tunneling through
the bonding state, which stop transmitting when η = 1
[7].
In Fig. 1(b) we assume two quantum dots with energies
ε1 = ε0 +∆ and ε2 = ε0 −∆ side-attached to the same
site of a quantum wire, with equal coupling constants, V0.
The conductance in this case exhibits a Breit-Wigner and
two Fano resonance around ε0 −∆ and ε0 + ∆, respec-
tively. When the energies of the quantum dot levels are
equal, that is ∆ = 0, one of the resonances disappears
for the arising of a BIC [27]. Each of the systems can be
represented by a scattering matrix S, which is expressed
in terms of the retarded Green’s function Gr by means
of the Fisher-Lee relation [29]
Sα,β(ε) = −δαβ + ih¯√vαvβGrα,β(ε), (3)
where α, β = L,R, vα = dε/dk is the electronic velocity
in the lead α. For the double molecule of Fig. 1(a), if
ε1 = ε2 = 0, the matrix elements of the scattering matrix
are
SLL = SRR =
(t− ε)(t+ ε)− 4Γ2(η2 − 1)2
Λ
SLR = SRL =
−4iΓ[t(η2 + 1)− 2ηε]
Λ
(4)
with
Λ = (t− ε− 2iΓ(η − 1)2)(t+ ε+ 2iΓ(η + 1)2), (5)
where Γ = V 20 /2v, v being the hopping in the leads.
With the scattering matrix elements given in Eq. (4), the
Friedel phase θF can be obtained from Eq. (2), giving
θF = −1
2
arctan
4Γ(1 + η)2(ε− t)
−4Γ2(1 + η)4 + (ε− t)2
−1
2
arctan
4Γ(−1 + η)2(ε+ t)
−4Γ2(−1 + η)4 + (ε+ t)2 (6)
Replacing Eq. (6) in (1) we get the density of states
ρ(ε) =
4Γ
[
(1 + η2)(4Γ2(−1 + η2)2 + ε2) + 4ηεt+ (1 + η2)t2]
pi[4Γ2(1 + η)4 + (ε− t)2][4Γ2(−1 + η)4 + (ε+ t)2] . (7)
For the two side-attached quantum dots the scattering
matrix elements are
SLL = SRR =
−2iεΓ
Λ
SLR = SRL
(ε−∆) (ε+∆)
Λ
(8)
with Λ = (ε−∆) (ε+∆) + 2iεΓ, with Γ = V 20 /2v. We
have put ε0 = 0. The above S-matrix elements lead to
the following expression for θF
θF =
1
2i
ln
[
− (ε−∆) (ε+∆)− 2iεΓ
(ε−∆) (ε+∆) + 2iεΓ
]
, (9)
and the density of states is
ρ (ε) =
1
pi
2
(
ε2 +∆2
)
Γ
[(ε−∆) (ε+∆)]2 + 4ε2Γ2
. (10)
Fig. 2 (upper panel) shows the Friedel phase for the
double quantum dot molecule for three different values
of η. For η = 0 (configuration in series) θF increases
smoothly in pi around each of the resonances. When η
gets larger, that is, we go from a configuration in series
to a parallel one, the Friedel phase changes more steeply
around the energy of the bonding state, ε− = −t. In the
limit η → 1 (symmetric parallel configuration), where the
BIC takes place, θF increases abruptly, becoming discon-
tinuous. The lower panel shows the corresponding den-
sity of states. This in general is a superposition of two
3Lorentzians at the molecular energies, with broadenings
Γ− = Γ(−1+ η)2 and Γ+ = Γ(1+ η)2. For the configura-
tion in series, the two states have the same width. When
η approaches to 1, one of the peaks becomes progressively
narrower than the other, as shown in figures (b) and (c).
In the limit η → 1, Γ− → 0 and the DOS at the bonding
energy is a Dirac delta.
The behavior of the Friedel phase in presence of a BIC
is analogous for the side-coupled quantum dots, as shown
in Fig. 3 (upper panel). For ∆ of the order of Γ, θF
changes smoothly around ε0 (dash line), but it suffers an
abrupt jump when ∆ approaches to 0, when one of the
resonances becomes a BIC. Fig. 3 (lower panel) shows
the corresponding density of states. As shown in Ref.
[27], when ∆ ≪ Γ, as in (b) and (c), the DOS can be
approached by a sum of two Lorentzians of widths Γ+ =
2Γ and Γ− = ∆
2/2Γ centered at ε0.
In summary, for any of the considered systems, the
density of states when Γ− → 0 can be written as a su-
perposition of a Lorentzian and a Dirac delta function
ρ (ε) =
1
pi
2Γ
(ε− ε+)2 + 4Γ2
+ δ (ε− ε−) , (11)
where ε± = ±t for the parallel-coupled double quantum
dot molecule, and ε− = ε+ = ε0 for the side-coupled
quantum dots. Integrating the above equation in the
energy ε we obtain the Friedel phase
θF (ε) = arctan
(
ε− ε+
2Γ
)
+
pi
2
+ piΘ(ε− ε−) . (12)
This equation describes correctly the abrupt jump exhib-
ited by θF in Figs. 2 and 3, in the presence of a BIC.
FIG. 2: Upper panel: Friedel phase versus energy for the
double molecule, for t = 0.1 and different values of η: η = 0
(dash line), η = 0.5 (dotted line) and η = 0.9 (solid line).
Lower panel: Density of states for a) η = 0 (configuration in
series), b) η = 0.5 and c) η = 0.9.
FIG. 3: Upper panel: Friedel phase for the side-coupled dots
for different values of ∆: ∆ = 0.5 (dash line), ∆ = 0.1 (dotted
line), ∆ = 0.01 (solid line). Lower panel: Density of states
for a) ∆ = 0.5, b) ∆ = 0.1, c) ∆ = 0.01
The integration of Eq. (1) allows to obtain the charge
Nd in the quantum dots,
Nd =
eθF (µ)
pi
=
e
pi
arctan
(
µ− ε+
2Γ
)
+ eΘ(µ− ε−) + e
2
, (13)
where µ is the Fermi energy. Thus, if ε− falls below the
Fermi energy, the charge in the system formed by the two
dots increases abruptly in an unit. This discontinuity in
the charge in presence of a BIC should have an effect in
the conductance when the electron-electron interactions
are taken into account.
Let us consider a generic system exhibiting BICs,
which could be two quantum dots in parallel, and let
us treat the interaction by the mean field approximation
of the Anderson model. In this approximation, the en-
ergy levels of the quantum dots are renormalized, that is,
if the energies of the quantum dots are ε1 = ε2 = ε0, the
interaction moves them to ε˜0 = ε0 +UNd/2. Then, if ε0
falls below the Fermi energy, the jump in e produced in
Nd according to Eq. (13) will shift the renormalized en-
ergy ε˜0 in −U/2, with consequences in the conductance.
In fact, the conductance can be written in terms of the
renormalized energy as
G =
2e2
h
4Γ2
(µ− ε˜0)2 + 4Γ2
. (14)
If the quantum dots are initially empty, and if µ− ε0 →
0−, then
G→ 2e
2
h
, (15)
4but if µ− ε0 → 0+
G→ 2e
2
h
4Γ2
U2
4
+ 4Γ2
. (16)
Thus, G suffers a discontinuity at ε0 = µ, as illustrated
in Fig. 4. In the absence of interaction the conductance
FIG. 4: Conductance as a function of the Fermi energy, for a
system of interacting quantum dots in the presence of BICs,
with U = 0 (solid line), U = 2 (dash line) and U = 4 (dotted
line).
profile is a Lorentzian (solid line). If U 6= 0, when the
Fermi energy crosses the BIC (in µ = ε0) the resonance
shifts in −U/2, as shown for U = 2 and U = 4 (dash y
dotted line, respectively). In other words, the sudden fill-
ing of a BIC, as described by Eq. (13), shifts the energy
of the transmitting state, with the subsequent arising of
a discontinuity in the conductance. This rough descrip-
tion allows to gain more insight of the results shown by
Bu¨sser et al. in multilevel quantum dots in Kondo regime
[28]. These authors found similar discontinuities in the
conductance as the gate voltage was varied, when a lo-
calized state crossed the Fermi energy. These localized
states are a many-body version of the bound states in
the continuum discussed here. This effect is analogous
to that of a charge sensing described in [30], but in the
present scheme, the sensed charge is that of a BIC inside
the proper system.
In summary, we have studied the behavior of the
Friedel phase in quantum dots systems when BICs are
produced. This phase exhibits an abrupt change when
these states arise, effect with consequences in the charge
of the system, which jumps in a unity when the energy
of the BIC drops below the Fermi energy.
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